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in.g growt,ll,  IIill’s Equa t ion  of  IIlotion, IJeriodic  or ~its, 11-lJody  prol)lcrll

‘1’IIc dyaa]nics of a particle moviag  near a classical ring  is studied  under  a Iiill-type approximation. A
classical ring is co]npriscxl  of particles of equal mass arranged symmetrically about a massive central body,

tile particles having a uaifona rotation rate. Two distiact equations of motion are found  which descril)c

tlIc  ]notiou  of a particle ]Icar  SUCII a ri]ig.  I’he fundan)cntals of each set arc studied. “1’lICII  a family of

sy]n]llctric, I)larlar  periodic orbits arc computed. I’iaally, using tlIc analysis of tllc derived ccluatioas  of
motion, a niccharlism  is conjectured which clcscribcs  lIow  a ring  ]nay  gairl Inass. ‘J’his ]I)cchanisln  is

a])l)calillg as it is self-limiting and ceases to exist  WIICII the  riag is still stab]c,  yet Illorc  massive thau its

initial configuration.

1 Introduction

‘J’llc IIlotion of a ~natcria] point is investigated under the attraction of a “classical” ring. A classical
ring l)cillg  a systcl[l coItllJrisecl  of 1’ rirlg  partic]cs of equal lllass arrangcxl sylllillctrically about a
cmltral body, t,hc ent i re  ring having SOIIIe  s})ccificd  r o t a t i o n  rate. SUCII a ring loay bc stal)]c if tllc
ltlass of cacJI ring particle is slnall eIIouglI  as collll)arcd to the ccIltcal  bocly mass (Rcfcrcncc  [1 3]).
‘1’llcrc has bcm] recent,  and historical intcrmtl in this sillll)lc lnodcl of a ring (Rcfcmllces  [8], [1 O],

[1~], [13], [1~], [18], [9]), driven in ])art by the sylt)ll)dry of the ring and its silttl)lc specif ica t ion.
‘1’lIc cur-rc)lt  problmn of t,hc lnotion of a Inat,crial point under tllc attraction of such a ring has IJCCII
invcstigatcxl earlier (Ikfcrcnce [14]) when the ring is collll)risccl  of a finite Ilulnber  of partic.lcs, ‘1’hc
currcllt analysis deals with a particular approxilllatioll wllic]l  silol)]ifics the earlier study and brings
OU[ sigllific.allt  rcsulk. ‘1’he ap})roximat,ioll  iatroduccd llcrc is a variant, of the IIill approxi]natiol)
first usccl by IIill in tllc tlllrcc-body prohlmo to study the Illot,ion  of the 1110011. ‘1’hc al)~)roxirtlation
assutt]cs that the satellite and ring arc close  to eac,ll other, that the central body loass dolninaks
tllc systcIII  and that the nu]t]l)er of riog partic]cs is large. After al)l)lication of tlIe approxiltlatioll
tllc sysknn consists of a lillc of equally spaced ring particles cxtctldiag to iIifi]lity.  ‘1’he actuations of
lnotion cont,ain  gyroscopic  tams and retail] the II)ajor effect  of  the  cca(ral body.

III clcriving  tllc apl)roxi I]latc equations two special cases arc fou]ld. ‘J’llc first c.asc results ill
equations of Itlotion directly related to the classical hill cquat,  ions  of Illotion for the mooII.  “1’}Ic
sccoIId  ca se  i s  ul]iquc and IIas all int,crcsting and useful  intcrl)rctatJioll  aild al)plicatioll to IIlotion
IIcar  a ring. ‘I’l Ic two c.ascs arc related l)y a transforl]lalion  wllicll  is singular for ccrtaill l)aralnctcr
values. ‘1’IIc basic dynalllical properties of each  case arc discussed. ‘J’hell a faIIlily of periodic orbits
in tllc Sec.olld case is studicxl  nurncric.al]y.  ‘1’he st, allilit,y  propcrt, ics of these orl>it,s indicate t}lc
l)rcscllcc of rc.gions  of stable and unstable orbits adjaccxlt to the ring. IPillally,  ill al]alyzing  the
rcsultjs  a })ossil)lc  self-lilllitiag IIlccllanisl]l for ring growth is idclltlificd.



Central Body

Figure 1: GcoInetrical lkpresmltjatiol) of the 1’ l’article Ring

2 Equations of Motion

(hllsidcr the cquatiom of motion of a lnasslcss partic]c A4 as attrackxl by a cellt,ral  body of unit
IIlass  and a ring wit])  1’ partlic]cs of equal IIlass  p e q u a l l y  sl)accd about tllc C.ctltral body at a unit
distatlcc. A rigorous derivation of the ccjuations of ~tlotioll  ill this case can  bc found in Rcfcrcwcc
[16], (;l,al,tcr 11.

(1)

(2)

‘1’lIc vectors ~j denote tllc positions of the ring particks, the vcxtor r dmlotcs the position of tllc

~Jart,iclc A4. (2 is t,hc constant II]agllit,udc  angular velocity vector of tllc coordinate systclo.
‘1’IIc 1’ ring parLiclcs  arc assutncd to bc ill a relative cquilihriull) configuration with rcsl]cc.t

(o (IICIIISCIVCS and the cmtra] body. AssuI1lillg  that, tllc cmltral llody is at tllc ccnkr of IIlass of  th is
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syst,eIII,  t,hc relative equilibriulll so]ution  of thr ring is ddil)ed as:

~j = R; (3)

= 1 , 2 , . . . , 1 ’

If:l = b’ (4)

1’–1
w’ = 1 +  : ~ Csc(ko). (5)

k=o

‘1’I)c vectors R; have the prol)erticx:

IR;l = 1 (6)

R; . R,;. = cos20(k–  j) (7)

111.~--R.jl  =  21sin  O(k-j)l (8)

R;,+j = R.;. (9)

‘1’l]eljaralllckrw isthc rotation ratcoftllcrillgallcl 0= ir/l’is Lllcvcrtcx half-anglcofttlc
l’-jlolygon which the ring clescribes. SUch a ring isstahlc against linear perturbation ifthc ]nassof
cacll  ri)lgl)articlci ssltlallcllollgll ([13]):

// ~ /(,$
16 1

/1.9 = —
7((3) 13+ 4fi

03 +.....

c 2.298. .  ./l’:’.

C(3) = 1.202057 . . . .

‘J’hc fu]lction <(n) is tllc Ricvnann  Zeta  functiml.
No(,c t]lat,  ~~=1 R; = 1) and d i s c a r d  t,lIc final tml} ill t,hc sulnlnation

IJrol)crty 9 to rcllull]ber  the sultlrtnat,io)l  in Equation 2 over t,hc illtcgers:

~= –r’], -rl+l, . ..l. o,l, l,. ... r2—l, r2

w]lcrc  if 1’ = 2rz tllm rl = r and r~ = r — 1, and if 1’ = 2r + 1 then ?’1 = T’Q
cquatiolls of ]Ilotion then l)ccolllc:

3 The Hill Approximation

( l o )

(11)

(12)

(13)

(14)

of I{kluation  2. [Jsc

(15)

= ?’. ‘llc vector

(16)

‘1’t)csc equations will bc stuclicd ulldcr tllc assu~nption that, the body M rml]ains close to the ring.
‘1’l]is assullllltioll is forll)alizcd  by introducing the IIill approxitllatiol].

‘1’he IIill  approxill]ation is applicable to tllrcc-or-lllore-bocly  systc]lm with a fcw basic
cllarac.tcristics: that there is a massive body, about which orbit, a nulnbcr of hodics  with small
II,ass;  tl,at (soIIIc  of) tllesc bodies with s!na]l lnass arc relatively close to each other; and usually
that illc ccntcr of mass of the slnall l)odics follows a circular orbit around the larger body. A
gc]lcral al)l)lication of this approxilllation to n-body systmtls  is givm ill Refcrcllce [1 5]. {Jndcr  the
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al)l)ro~illla~ion, th~  full attractiol~ of the slnall bodies On caclI other i s  usual ly  rwtainccl.  By being
close to a circular orbit about t)hc central body, the IIct attractive and centrifugal forces nullify
cac.11 otllcr ill the vicinity of the s~nal] boclics,  tllc tidal force then arises fronl t,llc IIlislnat,ch
hctwccn these cancellations, q’he approximation ignores the l)arallax of the ccwtral  body with
rcsl~cr.t  to the sl]la}l bodies .

‘1’hc hill approxilnatiou  as dcscril~cd  a b o v e  clocs not fit tllc c.urrcvlt systcrl], since tl)c slllall
I,ocly systcll] (ri)lg plus tllc IIlasslcss bocly)  has its center of ltlass co-locatccl with tllc central bocly
al]d  tllr’ ri]lg particles lrlay bc far fro]]] each other. IIowcwcr  with IIlodific.at, ion the approxilnatiol] is
al)l)llcal)le b tllc current syst,cln.

Wit]lout  loss of generality, give a sj)ccial status to the ring particle located by the vector
11~,. ‘J’ransforl]l  the Coordillrrte  syste~ll  of tfhc cquatiolls of IIlotion so they are c.enterccl  OD th is
par[iclc, lhlform tllc condition that, the satellite is close to thr ritlg hy illtroducill.g a scaling factor
~/1]/:3, wllcrc // is the lnass of cac.h ring particle and // <<1 is assuttlcxl:

‘1’llc factor ~ is a~l arbitrary scaling factor to be specified later.
liccall that R,;,  is a relative equilibriu~ll solution ill the rotating refercncc fralnc, llcncc

Rj, = R$ = O and:

$1 x  (0 x  R;,) =  –W2R;>. (18)

Sul)stitut,c  ‘l}ansforvnatlion  17 into Ecluation 16:

‘J’llc IIotatioll  ~~~r, ‘ = ~~=,,,k~O  is used.
in tile classlc.al  al)l)licat,ion  of the IIill approxilrlation the sulninatiol] tcr]ll is not present,

([19], (;llapt,cr  VI, ~498-493  ). Using lR~,l  = 1 and /n/3 <1, note tllc following expansion:

(20)

‘1’llc Lerllls  of orclcr  /12/3 contain tllc parallax. !hl~stitutjc  IIquatioll 20 into the l;quation 19 and
]Iote  that (W2 – l)R.~,  = 0(//) and hc]icc  is grouped with tllc higher
~//l/~ to f i n d :

( )

I i ’
i’+-flx 2i’+ft xi”  = –i. + 3R~,  (R~, . i.) — –-i  ~

~ Irl

orclcr  tlcrl[ls.  ‘1’hcn d iv ide  hy

(21)

‘1’I)c expansion USCC1 in IIcluation 20 is not ap})licablc  to the sulillnatioll tcrlll ill l~quation 21
as lR~ – Ri,l = 21 sil} Okl and )Ilay  bc arbitrarily s~l]all for O sl])all (}’ large) . ‘1’here is a dichoto~ny

IIcre  as so]tle  of the ring particles arc far cn]ough away (0 have less tllall O(~pl/3) influence, yet
others IIlay  I)c CIOSC enough to have a significant, influence. ‘1’llis is dealt wit,ll in the following
scctioll.  l~orl[lally,  tllc IIill approxiltlatlioll  is  colnplet)ed  by
ter]lls then disapl)earing.

aking tllc lilllit // 40, the llighcr o r d e r
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4 Modification of the Ring Potential

11) this section the ring force bmo is studied:

,,m “

—x’
R; – R,;,  – ~,,1 f~~.

x j=_,, IR; – R.J, - ~,(1/~~1~ “
(22)

Its li]tliti)lg  forln will  be found as // ~ O .
lntroclucc a Cartmian realization of tllc vectors involved:

R; = cos 20/ci + sin  20kj (23)

1=-. ii+jj+-zk. (24)

lntroduc.e  an assulllption on the lnass of the ring par t ic les  //:

/( = 003

O:-;
(25)

(26)

wllcrc a is IIott necessarily srilall. ‘1’llis assulrlpLion  is rcasonal)lc as all the relevant, lilllitls  on //
l~rcselltcd  earlier and founcl cdscwhcrc  have bcw], of this gcmcral  fullctiona] forltl (Referenms [8] ,
[13], [14], [18]). ‘1’llis scaling allows for discussion) of the local gcoll,etry of the ring in tl,e vicinity of
R;,, it]dcq)endcnt of tl]c nulobm of ri]]g  l)articles. For a stal~lc  ring, tl)c bound  on a is:

O,q =
7(13 + 4/10)((3)

(27)

(28)

= 0.0741352 . . . .

IIltrocluce the Cartesian realizations and the IIew forlll of // into Equation 22 to fillcl three
scalar exl)ressions for the ring fore.c:

(29)

(30)

1“; = – -L ~ ‘ -.;=
X3 ~=_r,  l~kl”

(31)

(32)

‘1’llc al)ovc equations are now forltlally of the saloe order as the ot,llcr  tcrrl]s iu Equations 21.
As x and u rmnain  non-zero as // ~ O, this iloplics that U -+ O (1’ –i m). Application of tltis

lil)lit will sm]d the higllcr order tcrlos 0(~al/30)  ill l’;cluation  21 to zero. lnt,roduction  of t,his
forlllal lilnit,  then yiclcls  the loodificxl  forl])  of tile e q u a t i o n s .  l]) alJplyillg tllc lit[lit assuTrlc that, k is
a fixed  integer, tl)cn:

5
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‘1’llis lilllit is assullml to IN true for all k. IIowevcr, for arl)itrarily large k (on tllc order of 1’/2),
this is IIot  a goocl assulnption by itself. ]Iowevm, it Illay  proller]y I)c al)l)lied  to t,hcse  equatio~ls.
Src Al)})mldix  A for a rigorous discussio)l of this and al~})licatioll  of the lill)iti]lg  l)roccss to the ril]g
force cquatiol]s.

Ailcr apl)lication of the  liltlit the form t,mrtls  bccorIIe:

(34)

(35)

(36)

w]lrrc all tllc sulllll]ations are convergent.

5 Approximate Equations of Motion

AI~l)ly tllc Cartesian realization to Equatic)lls 21 and introduce the llloclificd  ritlg force tcrll~s  frolll
Equaticms  34 ,  35  and 36 .  Note that Q x ((1 x i) = --i + ik + 0(//) ai,cl 1{.j, = i to fiIId:

(37)

111 Lllis approxilnation  the ring bcconles a straight line of equally spaced l)articlcs. SCC
Figure 2 for a rcprmmtation  of the gcolnctcy  in these equations of IIlotion,

‘J’l)e coordinates of the particles arc (i~ = O, ~~ = ~2$m , .Z~ = O), k = O, +1  , +2, . . . . ‘J’llc

distallc,c l)ctlwmll  each  par t ic le  1s *.

It is dcsiral)lc  to find a potcntia] function for tllc forms ill this systcnt].  If such a IJotcntial
call  I)c found, then all cncr,gy  integral mists as t,hc systcltl  is tilt}e  invariant. Forlilally  integrate the
fol]owillg  l)artlial  diffcrcmtia]  equations:

(38)
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Cent ral Body

Y

Ring IWiclcs

x
< ?&a

l’igtlrc 2: Gcolllctrica] licprcscntation of the C]osc  Ring Approximatiolj

‘1’llis yiclcls  a potential of the forltl:

(39)

‘1’llis sulolllatioll is not clcfincd as it is asylllptotical]y equivalmlt  to tllc sulll~llation

>~~=,  Ilk wl)ich  d!verges. Notlc that the partials of V arc convergent  ser ies  and hcncc tl)c
divergent  part, of V lnay bc considcmd to bc constant,, ‘1’his leads to a a particular choice of the
c o n s t a n t  (~ to kill t}le clivmgcnt  (Ierl[]s, yielding  t,llc potclitial:

31 1
V(i, j,;) = #~- #+- j—-=.=a @7+.~2+ 52

+.$ _~’
k––o.)

(40)
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As call  IIC verified, this sullllnaticm is c.olivcrgcnt  for all nol}-siugular values of thr cocmclillatcs.
Wit]) this l)otcntial t,l]c energy integral is Clcfincd as:

(41)

wllerc <~ is a fillitc c.ollstaut.

5.1 Modified Hill Equations of Motion

Now collsidcr the arbitrary scale factor ~. ‘liwo l)ossil)lc  va]ucs f o r  this factor are collsidcrccl  whic]l
lead to two cliffcmmt sctls of equatiol)s of Il]otion. Firstl  cons ider  tile cquatiolls for ~ = 1. Rctai]l  the
tilde notation for tliis c.asc. ‘1’hc equations of Inotiol] IY.XO1lIC:

(42)

(43)

111 tllcsc coorcliuatcs  the ring par t ic les  are separated by a distallcc 2/u1 13. ‘J’lius, if u is
slllall, the clist, ancc l~etwccn  ri~lg par t ic les  bCCOIIIeS large. ‘1’his Systclll  is useful in discussil)g the
dynal))ics of a body close to a ring part, iclc, but not directly iutcracting with ncigllhoring riug
ljarticlcs. If u –~ O Lllc IIill equations of lnotion are recovered. l)uc to this property this syste~tl  is
called tllc “Modifiml  ]Iill” equations of ltlotion,

5.2 Close Ring Equations of Motion

A  scco])d  IJossibility for t,llc scale factor is ~ = l/a1t3.  l)enot,c t,llc coordinates  in t,llis case as x, y
and 2. ‘J’l]csc new  coordinates arc related to tl]e previous coordinates ljy the transformations:

(44)

‘1’llcwc tratlsforlnations bcco]i]c  sil]gular as a 40, yet froltl the derivation of the equations of
Itlc]tioll  the aJ)l)roxil)latioll process is valid for all a whm ~ = 1/01/3, since tile higher order tcr]]ls
ill l’;quatio Tl 21  am then 0(0) allcl still go to z e r o  ullclcr  tllc liltlil,

For this value of X the equations of IIlotion I)cco]l]c:

(45)



(46)

‘1’lIc]l ctIcrgy  itttcgral bccoIIIes:

(47)

111 tllcsc coordinates  the slJacing bct,wcm ring part,  ic]cs  is How a constal)t clistancx 2 and does

110( dqIcllcl  on a. IJac to this property tl]csc equations of I[lotioll arc ltlorc dlicic])t for studying
(Il]c orbit,  of a partic]c wljich  Inay t ravel  frolll ring particle to rillg l)articlc. If u -0 a si~llp]c  set o f
illtcgral~lc equations is recovered correspondi]]g  to lincarimd Itlotioll about a circular orbit,.

‘J’llcsc equations arc called t,hc T]osc Ring” cquatious of IIlot,ion.  IN t,llc following sectio]ls
tl]e IJasic  properties of the cquatiol)s of II)otion  42 a~ld 45 are studied.

6 Invariant Transformations

‘1’llc following discussion dca]s only with t,llc Close Ring equations of lnotion (Equations 45),
altllougl]  all tllc results arc easily carricxl  over to l,hc lllodificd JIill  cquat,  ions of IIlot,ioll (Equat ions
42).

lkluatliolls 45 arc invariant Illlclcr  several difl’cmlt transforvllations. ‘1’llesc Lransforlt)atiolls
IIigl]ligllt  tllc structure in the cquatiol]s and allow for si~lll)lificatiolls to be in t roduced ,

‘1’hc .2 cquatio]l  of ltlotion is i)lvaria)lt  uncler  two separate  tcallsfor]tlations:

(2,7) -+ (-2,7) (48)

(2, T) +  ( 2 , - T ) . (49)

‘1’l)c first tcallsfor]i!ation ]Ilay  always bc applied to ally  givcll  tllrcc-clilllcllsiollal  solution, yielding a
IIlirror iltlagc IIlotlion  ill the —2 space, ‘1’lle second II)ay only  be al~plied  in  conjunc t ion  witl]  t,hc
invariant tilllc reversal transforll)atjion  ill the (x, y, T) space discussed later. ‘1’llc following
discussion only  considers tile (~, y) coordinates.

‘J’llc silnl~lcst  invariant transforlllat,ioll the equations }Josscs (other t,l]an t,irl]c invariant.c) is:

(3’, y, T) + (r, y+2k,  T)

k =  0,+1, +2,....

‘1’hc gcoltlctry of the prob]cntl  does not, c.hangc  ulldcr
A second invariant, transforvnation is:

(z, y,T) + (x, –yl –7).

‘1’llis is a s})acc-tiillc sylollletry transforvtlat,ioll. ‘1’his
previous transforvilatioll, is uscfu]  ill establishing t,hc

A flllal  invariant transforlnation is:

(1!, y ,  T) + ( - r ,  - y ,  T ) .

(50)

ttlis trailsforltlation,

(51)

transforlllatjion, in conjunction with the
cxistctlcc  of sylilitletric periodic orbits.

(52)

‘J’llis is a sl)ace syl]ll]]etry transforlt]ation. Additional invariant  transforlnations exist, but arc not
])ccdccl in tl)e ellsuil]g d iscuss ion .
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‘1’hc itlvariallt trallsforlilations are useful in estal~lisllillg the existence of space sylnlnctric
I Ilotions. 111 this Context collsidcr the itlitial conditions and t,ill]e ulldcr the invariant,
tcallsforlllatiol  ls:

(xo, !/o,io,Yo,T) + (Zo, yo +  2k,  io, yo, T)

k = 0,+1,4:2,  . . .

(53)

(fo, ?A, ~o, ?k, T) + (zo, -ye, -io, jo, -T) (54)

(xo,  yo, io)jo, T) + (-zo, -ye, -io, -?jo,r). (55)

If solt]c  set of initial conditions tcansforlns into itself, tllml  the Illotioll starting fro)]] these initial
conditions will have a special space sylrllnctry property. Srvcral sl)ecial l)ropcrt,ies are considcrml
I)c’]cnv.

‘Jkallsforlllation  53 by itm]f rcsu]ts in a rccluctioll of the y-coordillatc sl)ace to the strip
(– 1, 1], LJscd ill conjunction with the other tcansfor~,lations  it l~rovcs quite useful .

‘l}allsforl])ation  54 will tlransforlo into itself if yO = iO = O. IJuc to the tithe reversal this
ill)plim  tl}at tl}c initial conditions (l., O, 0, yO) lead to a sl~ace syltllllctric lnotJion  wit]} respect to
tlhc yO = O axis. Co]nlJining tlransforloation 53 with t,ra]lsforltlatioll  54, the initial conditions

(~o,  k, O,iO),  k = O, +1, +2,... lead to space syltlltlciric orbits al)out ya = k.
‘J’ransforlnat,ion  55 is useful in two ways. Givml  alty  lt)otioll started in tllc XO >0 region of

tl]c  space, a coltlpanion  r[lotion starting ill the *O <0 region of the spat.c lnay be infcrrcx].
Furthmllore,  if a discrete set of initial conditions arc found whicl)  can I)c tlcallsforloed into
thclllsclvcsj then tl)csc initial conditions arc an ec[uilibriu]n point of the systelti. ‘J’llis is so as tl)e
titllc is IIot  rcvcmcxl  in  th is  tcansforlnation  and hence tlic I[lotioll IKLUSt  rc[nain sllacc sylnllkctric to
itself for all tiltlc, a property shared only by an equilibriull] point,. ‘J’he o]ily initial condition wllicll

trallsforltls to itself under tile action of this transforlllatjion alone is the trivial set (O, O, 0, O), which
is discounted duc to the singularity at, t}]csc coordinates. If ‘Jkansfortllat,  ion 55 is co]l}binccl with

‘Jkaltsforltlation  53 the initial conditions (O, 2k + 1, 0, O), k = O, +1, +2, . . . will tratlsforlll into
tllclllsclvcs and arc not, loc.atml  at sillgularitics, ‘1’llus, these poitlt)s  arc equilil~riulll l,oints and lie
lt}idway  brtwccm  each  ring partic]c on tllc z = O axis. ‘1’llese cxquilibriult)  l)oints arc  discussed ill
fo]lowillg  sections.

‘J’llc invariant tcansfor~oations also allow  the coordinate space to be restricted to:

(~c)lcrally only the initial conditions arc restricted to this sl,ace, ‘1’lien Lllc resultant lootiol) is
allowed to travel over the W11OIC space.

7 Modified Hill Equations of Motion

SO1llC basic properties, results arid  uses for these equations are not,ccl. ‘J’hc cquatjions arc restated
as:

.  .
i’ – 2j = v;

j + M = Pg (57)
. .
i = Vi

wl)cm  tllc potcntia] is:
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(58)

‘1’I)csc cquat,ions are ]nost int,crcsi,ing  for sl~lall cr. lhl)allcl the potel~tial in orders of 0113 to
fillcl:

t’(i, ti, q = H]12] [’I3  –  -@(3) i –  j 1  +- -@(3) ;2 + -  ;a((3)@

+“-* +;2 ,-;5”
+ cJ(c7’r@). (59)

‘1’lle fllllctioll  C(3) = ~~=1 I/ks = 1.20205 . . . . “J’runcatjc tllc IIigllcr  order tcr]lls ill the potcmtia] to
fit)d tllc al)l~roxilllatc ec]uatiolw  of lnotioll:

(60)

‘1’hcsc cc]uatiol~s  arc valicl for s~nall  C7 only.  It is clircztlly a})parent t,llat the IIill ccluations of rr}otioll
arc rcwovcwccl as a + O.

‘1’his syst,cn],  unclcr  t,l]e coordinate restrictions given  in Eclua(ions 56, IIas  scwcral  cquilibriulll
l~oints,  so]r}c of wllic.1] arc not ~)rcsmlt in tl]e  Classical hill equations of lllotion, ‘1’ake .2 = O to fine]
tile two conclitiom  to be lnct for an ccluilil)riuln point to exist:

(61)

(62)

‘1’llcrc are t,llrcc  ])ossibi]itics  to invcxtigat,c:  (i + O, j = O), (fi = O, j + O) allcl (i # O, J # O). Each

is consiclcrecl  in turn.
First,  ccmsidcr  tile case wI)C1) j = O ancl i # O. ‘1’l)cll tllc conditio)w 61 ancl 62 rcclucc  t o :

‘1’akc  i >0 to f ind  t,hc ccluililjriull) ])oiilt  clm)otcd  El  wi th  coorclillate:

(63)

(64)

(65)

‘1’llerc is a corrcsl)onc]ing Ccluilibriulrl  })oint,, clmlotccl E2 ,  wi th  coordinat,c iz = –i~ . ‘1’hcse
mluilil)riul)) l)oints arc the generalization of the cc]uilibriu]lj  points it) tllc IIill cc]uatiolls of IIlot)ion.
‘1’l)cy  arc saclcllc  IJoints and hcncw are unstable.

Ncxtl consider tllc case 2 = O, j # O. ‘1’hcm  the conclitio)ls  rcclucc  to:

11
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‘1’akc j >0 to fiud  the equilibi-iuln ]Joiut  dcuotcd E3 wit,]) c o o r d i n a t e :

()2
1/3

j:j = —
cl((3)

1.185 . . .
w

~1/3 ‘

(67)

lor u slilall tl~is cquilihriul]l point is far away fro]]]  the origiu. ‘1’llis cquilibriu~]]  l)oiut is IIlorc
l~rol)er]y  discussed usiug the Close Riug equations of II)otion  ill Scct,iol} 8.

Iri]lally consider the case wlIcn  i # O aud y # 0. ‘1’hcn the conditions reduce to:

Wllm!  F = @ + jz.
‘J’l)csc conditions are satisfied only if

(68)

(69)

17— —.—
<;3)

(70)

= 3.327 . . .

( )

1
1/3

l–-> —
;
2

(71)

z 0.794 . . . .

‘J’llis is outsiclc t,llc rcalll] of apl)lical)i]ity  for tllc apl)roxi]tlatioll loade ill dmivi]lg these equatiom of
]Ilotioll, ancl this poi]lt< does uot cxistl in Equat ions  57. ‘1’llis }Jossibility  is o]lly  lllcu~iollcd  sitlcc  at
this value of o IIquatiom 60 are intcgrah]c due to t,llc cxistcmcc  of au augular  moltleutu~l)  iutlcgral.
‘1’llis ltlay bc of IIlatllcl))atical interest as it provides a loodific.ation to the IIill cquatio]ls which
results ill au iutcgrablc syste]n.

A lmilnc  application of Equatiol]s 60 woLlld I)c to any analysis which traditionally uses tllc
IIill cquatio]ls to lnoclel  ring or asteroid Clynanlics.  ‘1’here are a nutlllJcr of such studies and it
would  bc of iutercst to rccolnputc  results using these IJlodificd  equations ([1], [2], [4], [5], [6], [1 1],
[17]) .  ‘J’l)c curmut ~noclcl iucludcs  the effect of IIciglil)oriu,g  I)articles, },arall,cterizcd by  U, on the
dynalllics of a slllall part, iclc when a close cnc.oul~tcr  witl~ a ring partic]c occurs. ‘1’hrse equations
lnigllt also bc applicab]c to the study of shcphcrdiug in which tile classical hill cquatliolls  of II]otioll
are often uscx]. ‘1’hey have a natural %ounclary  condition) ’ as tllcy provide a fi]]itc  value of tile j
cc)ordillatc at which there is a s})acc sylt]loetry. III usual sllcpllcrdi]lg  studies using the IIill
equat ions  tile iutcraction  II)ust  be carried to J = +m.

ltI pcrforltliug such new analyses it is possihlc  to first cousidcr tile results fouud iu the
t r a d i t i o n a l  ]Iill cquatious and t]lcJ] collsidcr tllc lllodific.atioIl  of (]]CSC results as a iticreascw  froltl O .
A IIrilt]c  al)l~lication of this type of aualysis would bc to gcmcralim the Variatio~l  orbit ill tile IIill
equatiol)s.

‘J’llc Variation orbit is all aua]ytical Ilcriodic solution of the IIill equations ([19], Clla~)tcr  V],
$503-51 5). It is cxl)rcsscd in tllc forltl of a Fourier series to any dcsird accuracy. It is possil)]c  to
gcl}cralim the al}alytic forll~ of the solution to illc]udc the paralllcicr o aucl its effects, thus finding

. . . .
a }Jcrlodlc  orbit ]11 tllc modified IIill equations by aualyt, ic collt, iuuat,  ion.  INo qlla]it,  ativc diffcrcllces
arise froln this chauge for u slr]all. We do IIot cx})licitly  state our results of this analysis hcm.
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8 Close Ring Equations of Motion

N o w  consiclcr  t,lIc (;1OSC  Ring ecluatio])s  of motio]). ‘1’hesc are restatccl a s :

$–2$  ~ VT

j+zi. G Vy

i=v2

(72)

(73)

‘J’llcsc equations arc IIlore  ]lovcl than the }Jrcvious  set in that tllcy allow for t,hc silIll,lc clcscription
c)f orbits which travel frolo ollc  ring part, iclc  to allotllcr.

‘J’llcsc equations allow sill}plc  analytic solutions ill very fmv cases and t,llus it is prcfcrablc to
st, I]dy t,llc]JJ I]ult]crically. ‘1’llis task is silllplificd as tllcrc is only O1]C l)aralnct,cr  in tllc c.quations, a.
Note ,  llowcwcr,  that the illfillitc  sullll)latiom ill tl]c potential and force tcrllls can  only I)c coltll)utcd
to a fiilitc accuracy and prove to bc the loost tilt]c c.onsullling  aspect of tllc coloputation.

Again, c.ollsidcr  tl)c cquilibriulil points of this systcln. First take z = O to find thc col)dit,iol)s

for cquilil)riu]l] l)oints to exist:

o=
[
3  –  u ~ ——--—1’k=-m [x’+- (2k1_ ~)2]”/’  “

(74)

cm

o=-cr~—
y – 2k

k=-m [~2 i- (2L’ - y)2]”/2
(75)

‘J’llc cxl~rcssion  75 is idcntica]ly zero ol]ly  for y = O, +1, +2, ..,. ‘J’hmc arc two dist,il)c.t, cases
to collsidcr: y = O and y = 1.

‘J’akc ~ == O and x ~ O. Assu]])c  z # O to avoid tl]c  sitlgularity, [;ol,ditioll 74 IICCOIIICS:

(76)

If ~ <<1 and u >0 the quantity on tllc right llallcl side will 1.JC Ilcgativc (clue to the k = O
tcr]ll). Collvcmcly,  if x >> 1 and a < cm the quantity will I)c positive. ‘J’lIus t,hcrc  is at least onc
cquilibriu]ll point,  alo~lg the x axis. III a n a l o g y  wit,ll t,llc Moclificd  Ilill cquat,io]ls  call  t,llis
cquilil)riull]  point,  E]. Horrowillg the result, fro]tl  t,llc Modified IIill equations t,llc coordinate of this
cquilil)riultl point,  is, apl~roxil[latc]y:

‘“ = (3’3 [’ +;- ““”1 (77)

‘1’llcrc is a corrcspondi~lg cquilibriulll ~)oint E 2  locatcxl  at *Z = –r, Notlc t,llat, as  a 40 ill this
syst,c]ll  t,llc El ccluilil)riull]  l)oilltl ]J)ovcs into tllc origin. Colltrast th is  witl)  tllc El cxluilibriull)
l)oirlt  i]) tllc Modificxl  Iii]] cquatiom (Equat ion  64)  wllcrc the cquililjriulo point,  ]l]OVCS toward  a
fixed, IIol]-zero coordinate as a dccrcascs.  “J’llis IIigh]igllts tllc diffcrmcc bctwcwu  these two
dynaitlica] systlc]os.

‘J’hat  t,hcrc  is only one  cquilil)riu]n  point along the positive x axis is established as follows.
I,ct x“ I)c an cquili])riunl  po in t ,  tllcn for all x > X* the inequality holcls:

cm

3-a’&l
1

>  3 – u  ~ –—---—
k=-cm [~:z +- (2k)2]3/2 ~=_m  [(X*)23- (2k)73/’  =0’

(78)



‘1’1)(]s, if r* is all cquilibriulil poilltj there are no equilil)riulil poi])ts > z*. Collll)inc th is  wi th  the
fact  tlIat there is at lcasi,  one cqui]ibriultl point o]) tllc axis to colif.-ludc that tllerc is only olic
cxluilil)riu]tl  }Joint on the positive x axis.

As in tl)e previous cases, these equilibriulo l)oints arc saddle l)oi]]t,s and l)c])cc arc uns table
Next consider y = 1 and x ~ O. Condition 75 IICCOIIICS:

0=
[
3  –  u ~ –;—-.–.— 1~=-m [* +- (2;- ])2]3/’ ‘“

(79)

Note  that, x = O will satisfy tllc conditiol] for all u. ‘J’his is tllc cquilil~riulIl  point found l~y
tl]c  sylnlnctjry trallsforll)ation  a n a l y s i s  and C.orrml)onds  to tllc cquilibriulll l)oint briefly d i s c u s s e d  in
tlIc Modified IIill equations (1’;quatioll  67). If a is sufhcicnt]y  sltlall, this will hc the only
cqllilil)riu)tl  point,. If u is large cl]oughj  there will bc additional cquilil~riultl  points along the ~) = 1
axis.

First,  collsidcr the r =  O  cquilibriulll point,  and its stal,ility. Coltlputi]lg the sccol]d  partials
of tl}e IJotelltial  function cvaluatcc] at the equilibriuln l)oint yields:

Vrrl. = 3  –  ;U((3) (80)

Vvy 10 = ;U((3). (81)

Vyy IO is always I)os\tivc but] VTTIO  is positive only  for m < 12/7~(3). ‘1’llc sign  cllangc in VTTIO
corrcsl)ollds to a blfurcatlion of new cquilil)riulrl  poink and is discussed shortly.

‘l’l)us, for C7 s)llall mougll (llc  cquilil)riutll I)oitlt  is a local Itlinirtlultl of tl)c potmltial and IIlay
he st<al)lc. ‘1’llc characteristic equation for assulned llarlllollic.  lllot,iol]  ill the vicinity of tllc
cquilil)riu]t] l~oint is:

[d [7+0~“ -- ] – L<(3) A’+ ;cr((3) 3- ~ ((3) (82)

‘1’l]c colltrollitlg  staljility coadition is tllcll:

y:a’<(3)’  – :a<(3) +  1  >  0 . (83)

‘1’llis leads to a l~oulld oll u for st,al)ility:

C7 < u~:, (84)
4 1

0];3 =
7((3) 13+4m

(85)

w 0.01853. .

Note that, this is exactly 1/4 the value of the stability bound  01) the ring. ‘1’his result also
corrcs}lollds with Llle asylllptotic.  rcmlt found whwl  tile null~h of ring par t ic les  1) is finitm, hut
large (Rcfcrcncc  [14]). The ilr)l)licatiom of tl)c existence of this staljle equilibriu]ll poi]lt arc
discussed later. ‘1’he cnmgy paralnet,er C takes 0]1 a spccia] value at these equilihriurtl po in ts :

c& = U(I +211)2) (86)

=  2.386  . ..u

Now consider ihc possibility of other cquilibriulll l)oillts along tllc y = 1 axis. ‘1’hc condition
to satisfy in this c.asc is:

o = 3--U ~ —-
k=-m [ ~ ’ + -  (2;-. Q2]”/’
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‘1’l)is condition Jllay  be satisfied if and only if a ~ 12/7((3) = 1 .426.... Again,  if tllcrc is all
cquilil)riul[l  IJoi]lt  for x > 0, tlicn it is ulliquc.

As l]otcd before, for u > 12/7<(3) the x = O cquilil>riu]ll  }Joint I)ccolt]es  a saddle ~~oint. ‘1’hc
x > 0 cquilibriuln point, is then a local minilnu~ll  of the potential function. ‘1’hc stability of these
]Joillts are IIOt sludicd,  h o w e v e r , a s  they corresj)ond to aIl utlstablc ring (u > Crs).

9 A Family of Periodic Orbits

A special fa]nily of l)criodic orbits are now studied using the Close Ring cquatiolls of Illotion
(I;quatio]]s 72). ‘1’llis fa]ni]y consists of planar orl>its  syln],)ctric about t,l,c y = O and y = 1 axis.
‘J’his faltlily SI)OWS SO])]C rmlarkal)lc prol)erties wllicll  II)ay illsl)irc tllc s tudy  of  this systcln.
Unfortullate]y the falllily cannot currently l~c traced to terlnitlation due to accuracy and modclit)g
constraints. ScV2  Figure 3 for solnc rcprmclltatjivc  })criodic  orl~its  for a specific value of a. Note that,
so]tlc  of the IIlcl]]l)ers  of this falnily mlcirclc tl)c  E3 cquilihriuln l)oirlt

o

-0.5

b -1

-1.5

-2

I /“ i I

Ring 1 artiklc

J
Motion

E 3

Ring l’art,i}lc

I \l 1 1

-1 -0.5 0 0.5 1 1.5 2
3!

Figure  3 :  Syltllllctric l’criodic orbits: m = u~;,

‘1’hc falni]y of orbits discussed in this section arc all found IIu]llerically. ‘lllIC sj)ecial forvn of
tlie initial conditions for sl)acc-syllllllctric orbits (iO = yO = O) rcclucc  the initial conditions to tile
I)air  rO, ~O. ‘1’llc energy integral lr}ay bc used to mnovc o]ie of tllesc conditions. ‘1’hus there are
tllrcc paraltlctcrs to l)e varicxl to find a pcrioclic  orbit: $., C, a. A specific farl]ily of periodic orbits
clcscribcs  a surface in this tllrcc-[lilllcllsiollal paralllctjcr  sl)acc. For this discussion tllc l)aral[letcr u
is tlxcd and tllc para]tlcters *O and C are colnputcd for a particular fall]ily. ‘1’l)e falllily then
dcscril)cs a curve in tliis two-clirrlcllsiollal l~aralneter sl)acc. ‘llcsc curves are colnputed for several
values of m.

‘llI)c planar and out-of-plane Inonodrolny II]atriccs are also coln})utecl  for these faloilics to
dctcrltlitlc the stability of the orbits. Additionally, the possibility of intersection of this falnily of
l~criodic  orbits with other falnilies is considered. Solnc of the following thcorct)ical discussion
(Section 9.1- 9.4) is borrowed froln IIinon’s clcgallt analysis [3]. ‘1’hc rcsultls  are briefly restated as
tllcy are bcillg applied to a set of c.cluations  not dealt with ~~rcviously  in the literature.
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9. I Reduction of the Equations of Motion

Wllc)l dcalirlg with nultlmica]  solutions to the cquatiolls of IIlotion it is possible to introduce
tllcorctical reductions to t,hc equatious which arc not, feasible analytically, ‘J’wo such reductions arc
apl)liccl  to tl]e dyl)alIlical systcll).

First consider the cmcr.gy iutegra]. Formally, the iutegral allows for the elil[liuatioll of O1lC
varial)le  frolll consideration. ‘l’llusj conceptually, IIlotioll iu tllc dylla~l)ical  systcvn  may be described
by tllrcc variablcx plus a spmificd value of cllcrgy, C. Assu]oc that, the variable rj is cli]ninatccl  via
t}lc cvIcrgy  i n t e g r a l .  ‘J’l)e]l the syst,c]n  is descril]cd by the tllrec variah]cs x, y aucl i aud tllc energy
l)aralllctcr C. Giveu iuitfia]  conditions, these solutions arc sl)ccificd  as:

of illtcrcst arc the sl)ccial iuitial conditions which start at yO = O and at so)tle  ]atmr tiltlc cross the
va]uc  of y dcflllcd  as y~ = k;k = 0,+1,+2, . . . .

lJudcr SOT[]C )Ilild  restrictions a secollcl reduction ~l]ay hc introduced, this reduction beiug
tile l’oillcard Map. A ]’oiucard Map is constructed by ilndiug  two  surfaces iu tl]e phase space
wllicll  tl)c solution is transverse to. ‘1’hcn tlhc solutiou I)ci,wccll iuterscctions with tllcsc surfaces is
d is regarded (assur]liug it is continuous a]ld  s]]]ootll) aud OIIC oIIly co]lsiders the lllap]~i]lg  of tllc
solution frolt]  one surface to the otllcr.

l)) tl~is systcnn  tllc natural candidate surfaces arc yO and y~. ‘1’}]c transversalit,y conditions
arc tllcu jO +- O aucl ~A. ~. O. For  the orbits consiclcrccl,  ~0 # O is always fulfll]ccl  by clloicc.  11) so]lle
itlstlallces  ~~ = O occurs, but al)othcr value of k lr}ay always be cl)oscm to rcintroclucc  the proper
transvcrsa]ity collclition.

Ulldcr tllc l’oinc.ard  Map, the dyl)alnic.al  systxull  is reduced to two IIol}-linear  lt)aps:

z~ = f(xo, io, c) (91)

i~ == g(zo,  io, c). (92)

Sittl\Jlc  allalytic.al  forl~!s for tlkmc. ll~aps  are known  only ill tlic trivial case wliet)  u = O. ‘1’l~c II]aps
are usually colnputlccl  by nuluerical il]tcgrat)ion  of tile cquatio]ls of IIlotion.

9,2 Computation of Periodic Orbits

Wit]] tl]r above rcduccd systel]l, the Ilcccssary aud  suflicicnt  collditiol]s  for a slJacc-syrIlll)ctric
~mriodic  orl,it to exist, arc (see Reference [16], Scc.tiol~ 4 .52):

i. = o (93)

i:~ = 0. (94)

If k is CVC]) aucl z~ = *O tl]c c o n d i t i o n s  lnay bc silnl)lificd to :

i. = o (95)

i~/~ = o. (96)

‘J’hus given 0, i. = O, allcl a final surfac.c  of section y~, Lhcrc is only  ol)e conclitio])  to bc IIlet
to dctcrll]irlc a sylnlllctric periodic orbit:

g(xo)o, c) = o . (97)

Ali u})clatc  scllcutlc  Irlay  be derived frolo this equation which leads to convergcllcc ou a IJcriodic
orbit if initially close to a periodic. orbit.
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AssuIIIe  that, XO and C arc close  to, but, do not fulfill ,  Condition 97. Assu~ne  t,hcy arc
lilodificd I)y dxo and dC so that, the condition is fulfilled. lJsing a tru[tc.at,ecl ‘1’aylor series
cxpal]siol) yiclcls  tllc equation to be  satisfid:

g(xo, o, c) + grlodz + g( , . lode  =  o . (98)

111 tllc al)ovc,  tllc notation gr10 denotes t,hc par t ia l  of  g witlll respect  t,o t: and g~lo  denotes t,llc
l)art,ial  of g with respect to C, all evaluated at the llc)ltlinal  conditions ~0, iO and C. Generally,
I)otli  l)artials of g will not< I)c zero sill] ultaneous]y.  ‘1’])us  there arc two ul)datc schmocs available:

(99)

dx=–
g(z., o,c)

%rlo “
( loo)

ltel)catcd correc t ion  wi th  tllcsc update scllcltles will lead to convergcllcc oII a l)criodic orl)it in
IIlost  cases. ‘1’hc part)ia]s of g ltlay I)c inferred frolrl  tllc state transitlioll l)]atrix of the variational
cquatiolls illtcgratccl  along the nolllinal orl)it. in  pract ice  tllcre II-lay be points where one  of the
})artials is zero. III thcm cases the otllcr u])clatc  schcIIIe  ]loay b e  u s e d .

9.3 Stability Analysis of Symmetric Orbits

(Jllcc a periodic. orbit has been found it is of interest to dctcrlllinc tile stability of tllc orbit iu both
tl]c  ill-plane and out-of-pla~]c directions.

9 . 3 . 1  I n - P l a n e  Stal)ility

(~ollsider  the cqui-energy variation of the variables *O and i:O al>out, the fixed points of tlic previous
llla}~s 91 and 92. Assulnc illat, tllc IIlal]s  arc  evaluated over o]ic full  })criod of tile orbit. ‘1’hc
ecluatiolls of variation arc:

(101)

111 lllc al)ovc,  the l)artials ~T, etc., arc evaluated at t,hc initial conditions for the periodic orbit.
‘J’l)cy arc solved  for from t,hc state transition ]nat,rix of the variation equations illtcgratcd along the
periodic orl)it. Note that jr = g;, a genera] property for sylllrIlctric planar orl)it,s.  Also rlotc  t,ltat
f: – f~gT = 1 duc to volulne  conscrvatio]l  in pllasc sl)acc.

‘J’llus tllc dyllalllics of an orljit l)erturhcxl frolll a sl~acc-sy~tlrtlctric  })eriodic  orl)it, a r c
dcscril)d l)y the  linear ~[]appi~]fg:

(102)

‘J’llc lillcar stability of the orl~it  is detcrtllincd Ly tllc cigcmvalues  of this ]oatrix, co~nputcd
froltl tllc polyllo)t}  ia]:

F o r  stahi]ity, both roots to this equation ]nust haw uliit ]tlagnit,udej i.e. IAI = 1. ‘1’llis result o c c u r s
if aIld  oIIly if

--l< fr <l., (104)

‘1’0 evaluate the pla]lar stability of an orl~it,  onc  need only  dctcr]ni]]e the value jT. For a

sl)acc-sylllillctric orbit the value k will be mm and s tabi l i ty  IIlay  he det,erltlillcd fro]n t,lle ]illear
lflal)~)i]lg of y. to Vkiz as detailed in hfermlce [7], $ktiol) 10 .7 .4 .3 .
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‘1’])e si,a])i]ity  of tlic o r b i t  chaugcs whca jr l)asscs  throug]) tllc val Llcs +]. A s  will hc scc!ll, at
tllcsc critical values tllc faltlily of periodic. orbits lnay iut,crscct,  with auotl)er fallli]y of ~Jcriodic
orl)its.

9 . 3 . 2  Ollt-of-P]allc Staldity

Ollcc tllc periodic orl)it has l)eca  foul)cl the out-of-p]auc variation cquatioa  is fouud to bc:

i= V.* b (105)

wl]crc  V,: IO is a tilnc-varyiag ;~eriodic  lnatrix. III state sl)acc forltl t,hc var ia t ion  cquatious arc:

[:1 = [ A m (106)

~;ivca tlIc  trajcciory of the l)crioclic  o r b i t] tltis li)tcar cquatiol]  l,lay bc iatcgratcd Ilulllcrically  t o
fi]ld tl]c state t,rausition  lnat,rix fro~]l yO to yk (the lnonodroll}y ltlat,rix). Agaiu,  t,hc orbi t ,  i s
out-of-plal)c stable if tjhc cigcl~valucs  of the Itlo))odromy Inatrix IIavc lnoclulus 1 .

9.4 Local continuation  of the Symmetric Family

llavi)lg follud  onc  l)miodic orl)it, it is possible to colllputjc  other II)clnl,crs of the salHc  fatllily.  WC

do not, consiclcr  continuation ill the o pararnctcr, although this could bc done. WC only cousidcr
cojltil]llation in t,hc (xO, C) plane a~ld ])ossihlc  intcrscct,iol) wit,ll syltllnct,ric aud uon-syln~tlet,ric
faltlilics of l)criodic orbits.

(;ollsidcr the fixed  poiut of the space syln]nct,ric periodic orbit:

X. == j(izo, o, c ) (107)

o = g(z!o, o, c). (108)

‘1’0 colltinuc t,hc fal]lily the taugcnt, to tile falt)ily at, this point,  )Ilust, be fouud. ‘1’l)c taugmt w i l l
satisfy t,l)c cquatiolls:

dx ~ =  jTdzO  +  j~diO 4- jc, dC (109)

diO = grdzO + jTdisO + gc:dC. (110)

Note that jT = g~ as before. Also, fro]n the slJacc-sy)l)lllctric  pro])  crtics of t,hc orl)it, the taugcut
cquatio]ls s]iould he iavariant uudcr a siga cllan.gc  of diiO. ‘J’llis decouples the tangent equations as:

(111)

[.fi.f, -l]dio=[oo]

Rcxall  t,hc volulJ)c  coascrvatiol} rc]ation

(112)

(113)

N o t e  tl)at tllc first t,augcnt,  equation IIlust bc siugu]ar for a IIon-mro taugcut to exist, in tllc dxo,  de,’
l)]allc,  ‘l’][is cquatioa is iudccd siugu]ar, lhLis the  addi t ional  rclatio]l:

$7 C(.f. – 1) – .fc.9. = o. (114)

‘llIIC t,augcn]t  to the falllily will reside iu the null  space of the al)ovc  equations 111 aud 112.
‘J’llcrc are tltrce cliffcrmt cases  to  c.onsiclcr: jr # 1, jT = 1, jr = - - 1 .



9.4.1 jr + 1

‘1’llrm arc a nulnbcr of ili)plications which  II]ay bc lain out< il[llllcdiatcly:

First ])otc  tl]at diO = O as its coeflicicmt,s  arc non-mro. ‘J’llus, in this case, the falnily will not
i]itcrscct a noll-syltllt)ctric falnily of the salnc pcriocl.

‘1’hc tangents to Ll)c current falllily arc,:

‘J’llcsc two tangmts are ecluivalcmt  due to Relation 117. ‘J’bus, a t,angcnt always exists in this case
and dcfi]lcs  the local cvolutio]l of the falnily.  If jc; = O then gc: = O and dxO = O, but dC is free to
vary .  111  this case, t,hc tangent t,o t,llc fa?nily is parallel to the C parameter and is IIorlnal to the *O
varial)lc,  i.e. tl]e  faltrily is at a local cxtrmnurn  with respect, to t,lle ~0 variable. “l’his s i tuat ion
occurs ill our results.

‘J’llus, if jr + 1, the local continuation of the falrrily as a sJJace-syltlltlct,ric falni]y is always
dcfillcd  and no intcrscc.tiolls  with falnilies of the salllc ])criod  occur .

9.4.2 jr = 1

‘1’I)c tallgcllt equations recluc.e to:

[Hma =  [:1[.fi o]&= [ 0 0 ] .

(120)

(121)

All ilrllrlcdiatc ilrrl)lication fro~[l llquatio~]  113 is that:

g, j-i = o. (122)

lil gmrmal,  I)o{h of tllcsc values will not, I)c zero at the sairrc  ti)l]c. A]) i]nplication frolrl }lcluatioll
114 is that:

!7?’ .fC = o.

Again,  Lotll  of these
‘J’here arc two

(123)

values will not be zero at tlrc salrrc tilrre (in gellcral).
situations to collsidcr llcre: j; =. O or gm = O. Wc assulne that tllcsc situations

arc lr)utual]y  cxclusivc.
First c.onsidcr  j~ = O and gr # O. ‘1’hm j~; = O also. ‘J’hc tall,gc)lt  equations may bc reduced

to:

grdro +  gcdC =  O (124)

Odio  = O. (125)

111 this case a tangent, is still defined  ill the spat.e-sylnlrrctjric fa~nily  of orbits:

dxo = -  ~dL’. (126)
9T
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IIovmvcr  tl]c tangmltj  direction diO is not unique, indicating that an illtcmcc.t)ioll
syl]ll]lctric fai]lily of equal }Jcriod IIas occur rcxl.

N e x t  c o n s i d e r  gr = O and ~~ # O. ‘1’hcn jC and gc: nccxl not, hc mro. ‘1’llc
l) CCOIIIC!:

Odxo = o

f,,.dc = o

g(,. [lc = o

j+dio  = o.

with a nomsl)acc

tallgmlt equations

(127)

(128)

(129)

(130)

lrirst l]ote that the tangcllt dio = O. ‘J’]lus intersection with a IIoll-syrtlrnctric fal[lily of tlIc salnc
l)criod clclcs Ilot o c c u r  Ilcrc. If jc = g, = O t,l\cI\ l)otl~ dsO and dC arc free to  vary  and the tal~gcnt
is IIot uniquc]y  ddiacxl.  ‘1’llis indicates that tlie falilily has illtcrscctcxl with allotllcr
sJ)acc-sylllltletric faTtlily of t,l)c salt]c period. If either j~: or g[~ arc l]ot, zero tllcn the rcxultl d~~ = O
fol lows.  ‘1’llcn, ill general, no  intcmcct,ion with anot,hcr fzilllily  has oc.c.urrcd al}d the taugent to the
falllily is l,arallcl to the ZO axis and is norlllal to tllc C axis, i.e.  tllc faltlily is passi]lg th rough  a
local cxtlrclllultl with respect to the energy C.

9.4.3  j. = –1

Fro)]) the l)rcvious analyses tl]e  local colltinuatioli of the s})acc-syltiltlctric  falnily is well defincxl at
this critical point). ‘1’0 unclcrstancl what,  occurs here c.onsidcr  the doul)le  colt) position of the
lllollodrol~ly  lnatfrix)  effectively turning the })criodic  orl~it into a periodic orbit with twice tllc
})criod.

‘1’lletallgcn]t  eqllatiollsl)ccolllc:

[

2(j:–1) .fC(.f’. +l)+j’igc
2j*g. W(. fr +- 1) +- fJT.fc IH$] =  [0[2jTj; 2(j:-l)]dio = [ 0  0 ] .

For tllcsc cquat(iolus  only the case of jr = – 1 is of interest. ‘1’llus tlic equations reduce to:

(131)

(132)

[ 0 ‘i’g’’l[~d = [:1–2(J, Q.jc

[-2ji o]dio =  [ 0 0 ]

(133)

(134)

‘1’ltc additional coaditio]ls arc:

agai]l IJotll  IIot m-o a t  the salnc tilllc.
If gr = O then di = O, dC = O and dx  is arbitrary. ‘J’he]) illtmsection has occurred with a

sl)acc-syllllllctric fall]ily of orl>its  witl]  twice the ~)miod of the currcllt fall]ily. ‘1’he i~ltcrscct,illg
falt]ily is at a local cxtre~[]u~ll  wit]} respect to tllc mergy.

If j;. = O thcm di is arbitrary and dx = ~jcdC. ‘J’hcn intersection has occurred with a
Ilc)ll-s})acc-sy  lllllletric family with t,wicc the period.

in  tllcsc cases an cxtranum of the siaglc period falllily wi th  resl)cc.t  to the energy cannot,
occur as tl]cll  jr = 1 lnustl  have oc.currcd,  which  contradicts tllc current hypothes is .

9 . 4 . 4  C a t a l o g  o f  Possil]ilitim

(k)]tll)illil]g tlhc above results yields a list of possible occurrences at tllc critical points. only gcllcric
l)ossil~ilitics  arc listed.
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./- Z=l,gr=o: If j~ = g~ = 0, intcrscctioll with a sJlace-sylIlllletric. fzzlllily of the sall)e period
has oc.currcd.  If either ~~ # O or g~, # O, tl]en the falni]y is at a local cxhm[luin with rmpcct  to C.

j-m], j-; =o, intersect ion with a IIoll-s})ace-syllllllctric faltlily of the sallle IJcriod  has occurrccl.

j-T.: -], gr =(): lntcrscct,ion  with a sl]acc-sylllI1]ctric falllily of twice the period IIas occurrwd.

j,=-l,f~no: lntcrsec.tioll  with a IIorl-sl)acc-sylllltlctric  falllily of twice the period IIas
occurrml.

We do not< consider questions of continuation in the out-of-plane direction, although they
IIlay  bc of illtcrcst.

9.5 Presentation of Results

Mc]tll)crs of the faloi]y of orbits have hccn co]nputcd for various va]ucs of u. ‘1’lle falllilics are
l)rcscmtcd  as curves in tile (*0,  C) space in Figures 4-8. Figure 4 presents tlic curve for u = O.
‘1’llc periodic falnily in this case is just a straight, line traveling with a constjallt  velocity in a
downward direction for ZO > 0. Note that, this fall}ily  intersects the coorclillatc  location
TO u O, yO = O at C = O. llccausc of this intcrscc.tion the analytic continuation of this family to
rr > 0 is coltlplic.atcd and WOUICI have to bc studied with rc,gu]arized  equations of IIlot,ioll.  A n
al ternat ive  to this would bc to study the orbit using the Moclificd  l[ill equatiol]s wllcrc tllcre is no
singu]arit,y as u ~ O. An illvcstigatioll of t,hc lit,craturc S11OWS  that this is a ~loll-t,rivial  case

(Rcferc]lce [1 ]]). Note that, all the falllilies are syl,,l,,ctric al)out XO = O, thus only the results for
XO >0 arc givm.  Also, stability in tllc following l~aragral)lls lllcatls st,al)ilit,y  of the orbit,  in t,]lc
l)lal]e  o])ly. out-of -1’lane stability is briefly discussed later. III Figures 5- 8, staljle portions of ttlc
falnilics arc denoted by solid lines, unstal>]c  portions by dasllcd lines,

3
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0
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Figure 4: Sylnlrlctric I’crioclic  orbit Fallli]y: o = O

As a illcrcascs froln O the faloily evolves. ‘J’hc evolution of this falnily ltlay be explailiecl  as
follows.
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9.5.1 (7>0

A fcw character is t ics  arccvidcnt for allt,llc faltlilicswritll  non-zero  a. First, asxo ~m tllcfa~ftily
curves  l~cwomc paral)o]a in the (XO, C) space.

‘J’llcfal]lilicw  arc all stal)lcf  orsllfhc.iclltly large *O. Asxodccrcascs t,l~cfaItlilics bec.oltle
u n s t a b l e  v i a  an intcrscctioll with an asylnlnetric prrioclic orbit of twice t,llc ])criod

(.fT=-ll~~=O) lrollowillg  tllisillstal~ilitY,  tllcfalllilicslt lay becliscritlliliatlcclac corcli1~gto
whether or not, a is s)oall enough, as will  be cliscusscd  i)} a lnoll]cnt,

A  co~[ll]lollfcat~lre of all thefaloi]icsis  that they reach an extrclll~ll[l~~itll rmpcct,  toxo
sulwcqucmt,  to tllcir int,crscct,  ion wit,fl t,lle asymliletric, doul~ly periodic orbit,  fal~lily.  At, this

cxtrettlu]ll gT = O whilcgc~  # O. After this cxtrclllu~l), tile fall]ilicsllavc all increasil]g  r. while C:
Wlltlllllcs  to dccrcasc.

IPollowilgt  his, tl]cfalrlilies agailliutersect, all asylllltletric.  (loLll~ly  lJcrioclic  orl)it falllily

(.f~ = ‘1, .f~ = 0) and r~gaill  sta~ility. ‘J’11~11  tl~~ falllilies reach an extrmnuln w i t h  rcsprct to C
(~T=l,o~=O,~corgc:#O)  Attllisl ~oillttl l~falllilyl~c  colllcs~ltl stalJlcagait l.Sl1l)scq~lclItto
this tl]cfalllilicsl~cgill  totracc out, aslJiral in the (ZO, C’) plane. AI} cxt,reltlulll with respect to XO is
followed  byan cxtrmnu~[iwitll r e s p e c t  to C, Lhcprocms rc])catillgi  ~lclcfillitely.  Aftcrcvmylocal
lllaxil)lulllof C and before cwcry local lrliuilnumof C tl]c fallliliesllave wrlall  intci-vals  of stability.
‘1’licsc i)ltervals decrease insim asthcspira] grows t ighter .  lt iscolljccturcxl that thespirals
colltlitluc  illdcfinitcly,

Nulrlcrical  c o n t i n u a t i o n  oftllef a~l-)iliesl )ccolltcs cliflicu]t  at t,his point,  duc tos everal effects.
])uc toaccuracy lilnitationsit bccoll)cs difficult totraccoui afaltlily in such  asll]all regio]loftl]c
l)la~lc. Also, tllcpmiodic orbits in t,hisrcgioll suffer ext,rcnllcly  close  encounters  wit,ll t,llc ring
l~articles and Itlay  collide with t,llel[l.  ‘1’0 continue tl]c  fa~llilyi~l  t,llis rc,gioli would require that t}te
cquatio)ls of Ino(ioll bc regularized against, collision, a procedure that, IIas ]lot, been  done for this
analysis.

9.5.2 0<0 <(71’

111 allalyzillgthc p e r i o d i c  orl]it falt]ilicsanothcr illll)ortal)t, valucof m has becvl fouild, denotccl  here
I)y u],. ‘J’lle value of o], has b e e n  c.olnput,cd  to within

0.01282< u], <0.01283 (136)

and tl]us al, <  a~;:j.
Forringswith  a < al, there is an irltcrestillgoc cllrrcllcc ill tflcsc per iodic  c,rbitfal[lilics,

Af{er  tllcfirst illtcrscxt,ion with t h e  asy)ll)llct,ric clotll)lel)eriod  falnily(wllcn t,l~cfaltlilyl)ec.olllcs
urlstal~le  for the first tliloc  as x. decreases ),thcfali,ilics intersect al)llllstaljle, sylrllllct,ricc loL,l~]c
})criod  falllily(jT = –l, gr = O). ‘1’hc faloilicsthcn rclllaill slal~le  over  an intcrva]. ‘1’his i n t e r v a l
IIlay  illcludc tllc first, ext,rel))u)n  w i t h  rcs~)cct, t,o XO but tcrltiirlatcsl )cforc tfle next intersection witl]
tllc asyl]lll]ctric doublcperiocl  faltlily. ‘J’hcst,able interval m]ds by re-illtcrsecti]lg the sa~llc
ullstablc, sylnlnet,ric  double period faloily.  II) Figure 6 this unstal)]c, syltlitletric douhlc  period
faltlilyisdmotcd by a dot,tcd  l ine .

If  T<<UL  tllcilltervalsl >etwecll intcrsectiol) w i t h  t,l)c asylnlnctric and sy]tllrlet,ric.clolll)le
l)criod falllilies l~ccolllc  val~isl)i~lgly s~llall.  Asugrowslargcr  tlIestal~lci ~ltervalsl lril~ks~lljtil
cr = u], w]lcn  the unstal)]c, sylnmctcic doub]c period far)lily shrinks to a point.

‘1’lic individual IIlernhcrsof thisstahle intcrva]  arc quite interesting. Figure 9 shows a fcxv
trajectories of ~rlcmhmsof this intervalfor o = 0.01. Not,c that, t,llcsc trajectories l)ass very close
to,andcvml  c]lcircle, tllestal)leeq  Llilil~rillllllJ  oirlt E3. Evcryfalnilyin  thisgroup(a<o  l,)
contains such orbits that, cmcirclc  tile 113 points. As t,lley are stal~lc  orl)its, tllcy IIlay  persist, ulldcr
sl[lall })crt,url) at,iolls,  Also, tllc fact that t,hcy c.o]llc C1 OSC to a stahlc cquilibriuln point in t roduces
so]llc  illt,crcs~,i]lg IJossil)ilitics concerning  t,llc nlallllcr ill wllicll  a  rilig Illay  gait]  Illass. ‘1’hcsc
Itlccllallislllsare cliscusscd  ill lnorc detail i]] Scct,ion  1 0 .
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9.5.3 u > 01,

]’ior riligs with a large enough value of a the interval of stal~lc  orbits no  ]ongcr mists. [hlrrmt
st, udim have investigated these families up  to a = us at which the ring itself becolncs  ullstablc.

11 is i]ltcrcsting Lo note that no int,mwcctions  of the falllilies inves t iga ted  witlt sylt]lnctric,
sillglc period falnilics were foullcl.  ‘1’hc only  itlt,crsection wit,]] a sylnlnclfric falllily found were  t,llose

wi th  tllc ulmtal)lc, doul)lc period sylt]lnctric family for C7 < al,. IPurtherltlore, this intcmcct,ion w a s
closed as the double  period sylnlnciric  faltlily only  iutcrsec.tml  the sirl,glc period sylt]lnctric falrlily
ur]clcr consiclcration.  ‘J’l]c result,  l>eiilg that tllcse syI1l~lletric  fa}llilics  of periodic orl~its  arc i s o l a t e d
frolfl  all other sylnmctric  falr]ilics of a siltlilar period, forlt]irlg a closed  group. Verification of this
would  require a Colnp]ctc  invcstigat, ion of the falnilies as o -+ O and itl t,lic spiral rcgio~l of t,lIc

falllilics.

9.6 Out-of-Plane Stability

‘1’I]c out-of-l)lanc stahilitly  characteristics of t,hcsc  faitlilies have also hecn col]]puted.  It is found
that l)lanar and out-of-plallc stability coillcidc in I11osL reg ions  of illtcrcst: ZO >>0 ancl ill the
“st,al)lc  intcrva]”. ‘J’hc ol)ly  cxcel)tion is within the stal)lc interval where for a very  slnal] seg[ncnt,
the fml)ilics lose the oul-of-plane stability, It is supposed that a]] intersection witl)  an out-of-plane
I)crioclic  orbit,  has occurrecl  at these points. Such  orl)it,s  would I)c of interest, to colopute.

s t a b l e  —
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Figure5:  Syllllllctric l’erioclic.  orl)itlJ al,,ily:o=O. OO1
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IO Mechanisms for a Ring to Gain Mass

(~olt]l~ining  the results of the study of Kquatiolls 72, soItlc  silllplc ol)scrvatiolls  ]nay be II]acle
collccrlli)lg the al)ility of a stable ril)g  to gain lnass. ‘1’l]csc olmrvations arc conjectural ill na ture
aud furtlhcr analysis wi l l  be clone to verify aud/or rcflnc tllc]]).

With  such  an  clcnllmtary ring as being studiccl hcm tllcrc arc o]lly  a fcw ~llec.hallis~rls by
wllicll  tflc ring Inay gain Illass. ‘J’l]c first of these discussed has I)ccn discussed previously ill the
literature and, in general, would not apply to a riug as it lcacls  asyltlptlotically  to tflc collclcnsatioll
of a ring into a fcw satellites (Rcfcrcmcc  [1 8]). ‘1’hc scc.ond of tile lnecl]allisllls  discussed is novel and
arises directly fro]]) t,hc current,  aualysis. ‘1’his ltlrcl)anisill Itlay  lJC apl)lic.able to riags as it proviclcs
a IIlccllanisll] by which  a stable ring lr]ay  gaiu lt]ass ullti] it bccoltlcs sufficiently heavy (yctl still
stal)lc) at, w h i c h  })oiut the lncchauislo ccascs to exisi.

10.1 Direct Mass Gain by Ring Particles

‘J’lle first IIlccllanisl]]  ol)cratcx by assu]tliag tliat tllc misting riug particles attract sttlallcr }larticlcw
and, via iuclastic collisions with tl]c  sltlall particles, grow it) lnass. ]u tcrrtls of the original
forti]ulation of tile lJtodcl  as 1’ ring particles of IIlass  II cacl],  tllc IIIaSS  /1 will increase allcl the
IIutlll)cr of l)art,iclcs 1’ will bc fixed.

If contil}ucd, the result of this ll~ecllauisln  will  cvcutually bc Ii > Ifs and Iicllce  the 1’
par t ic le  rill,g will becollic ullstab]c. II) the al~smcc of ncigliboring  rings tflis coafiguratioll has its
grcatlcst ilwtal)ility in tllc augu]ar direction, hcl]ce  iustal)ility will  lead to collisions allloug  the ring
})articlcs (I{cfcrcncc [16], Section 3.4.10). Assu]nc that with tllc passage of Lilllc tflc ring is able to
rc-slabilizc itself. It is of iutmrcst  to k~low whether tllc null]l~cr  allcl II]ass  of })articlcs has iucrcased
or decrcascd.

IJct tfle or ig ina l ,  unstab]c, ring IIavc  PI partic]cs each of IIlass  11~, where  II] > ps(l’1). If tllc
fitlal, assulllcd  stal)lc, configuration has 1’2 particles each of ltlass il~, tllcll the following IIlass
conservation law will hold:

/1] 1’, =  p~l’z (137)

l)urtllcrlllorc, tllc lnasscs /tj and }12 can  be rclatecl by a  f a c t o r  r: /(Q =  rlil ‘1’IILIS PZ =  l/rl’I.
.ASSIIIIIe  t}lat,  t,llc IICW ring is stable, 112<  11s(1’2).  Next, note that , :

ps(l’z) =  / i s ( I ’ l  / ? ’ ) (138)

–  r’3/i.s(P]  )—

‘J’llen it is easy to verify that, r >1. IIcncc 1’2<1’1  and 112>  Ill , or to stal]ilize tlie ring
lllLISt rearrange itself into a riug with fewer, heavier  l)articles. ltmation of this process would
reclucr a ring to a few, lnassivc partic]cs. At this IIoillt  it sl)ould be notcxl that, a classical riug (as
dcfi])cxl here) with 1’<7 is always unstable, indcpmdent of the rllass (Rcfcmnccs  [10], [12], [13]).
IIowevcr, for 1’$ 10 otlhcr  stal~lc,  lloll-sylrlTtletric configurations exist. See l{efercncc [1 2] for au
in-dc})tll  discussion of the dyna]nics in suc.li a systeltl.

11o111 tfhc shove discussion it is clear that such a ltlcxllanislll dots not, apply to rings. Itl Illay,
l]owcwer,  al)l)ly  to satellite forlnat)ion about a planet or a star.

10.2 Mass Gain About Stable Equilibrium Points

‘1’lIc  second lnccltauislll is novc 1 allcl arises fro]]) the currcmt  analysis. ‘1’his lnccllallislll  is ap})licablc
to the study of rings iu tflat it allows a ring to gaiu ]nass if sufficiently slnal], yet is also self-li]llitillg
il} tl}at it cfocs not allow a riug to becol]lc so lnassive that it, hecolnm uusta})lc, ‘1’}ic r u d i m e n t s  o f
tile theory arc skctcllcxl  llcre, yet require  ~llorc rcmarch to ver i fy  and refiue tl]c actual  lncchauis]tl.
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At the heart, of this IIlcc.hanisrn  is the supposition that, a stal)lc ring as posited here exists,
allc{ that a sufficicni alnount  of sll]all particles orbit C1OSC to tile ritlg. As discussed in %ctioll 9.3
tllcrc arc stal~le  orbits which lic on eitllcr side of the ring at a sufficient distance rO froln the ring.
Also, if a < cl,, there arc stable orbits which pass througl) the vicitlity  of the E3 cquilil)rium
poilits (whit.11 arc stable for this value of o). As observed in Figure  9, tllcm orbits int,crsect
tllelllsclvcs  a~ld cac.h other in the vicinity of the E3 points. Also illlportallt to point,  out is that tile
Illirror illla,gcs  of tllcse periodic orbits exist and will also interact, ill the vicitlity  of the 1~3 points.
‘1’}lus, if sltlall particles follow these stable orbits, tllcy arc give]) the ol)portuliity to interact in the
vicinity of tllc E3 equilibriuln poin ts .

Assulnc a clissipativc in teract ion bctwem the slt)all particles ill the vici]lity of the E3 poillt,s.
A Iildy ~llcchanisln II]ight be inelastic collisions. ‘1’hen the kinetic energy of the ~)articlcs  with
rcsl]cct to tl)c rotating ri)lg will decrease, i.e. &f’ < 0 where:

j (i’+ y’).y, =, ] (139)

Wit]) reference to tl)c  energy intmgral  (Equation 47) it bczo)ncs apparclltj that, flC >0, or that, tllc
c]lmgy  paralncier C will increase. As seen on t,lle periodic orl)it faltlily plots (Figures 5 and 6), this
will cause tllc energy of the slllall particles to approach tllc energy of tile stahlc E3 l)oint. ‘1’hc fact
that tllcsc periodic. orbits are stahlc is i)llportallt as it allows for tllc particles to oscillate around
tllc falllilics and to travel along the family curve as tllc cncr.gy  paralnet,er C increases. As the
l)art,iclcs  approach  tllc gcol~let,ric  position and the cmcrgy value of tllc E3 ])oint,s,  it becolnm
l)ossihlc for tllclll  to becolilc t rapped al)out the stable equilibriulll poirlt,.

(~olltinuiug this l)rocms, tllc acculnulatcxl  lllass of thr s]llall partic]cs at the E3 points lnay
illcrcwsc  to tile po in t  where t}lc total II]ass  ill Lllc viciflity of  these  })oirlts cclua]s  0. ‘1’l)cn the ring
syst,e]tl  is si~llilar  to t,hc original syst,mtl,  alt,houg])  containing t,wicc the particles. At this stage of
tllc scxmario  tllc ring particles are located at the c.oordinatm  (x~ = O, y~ = k, 2L. = O); k = O, *1, . . . .
‘1’IIc  cquatiol]s of ]tlotion of a s]tlall l)articlc are then:

Y – 2?; = v.

j; + 2i’ = Vy (140)

i=vz

Note that tile potentia]  function is different froln the O]lC givcm ill equation 73. ‘J’o put, these
cquat,  io]ls l~ack into the standard forl)l  of the Close Ring equations lnakc the Lransforll]ation:

(141)

(142)

It) carrying out, this transforvnation the l)aralncter u is lnodificd a~ld l~ccor I)cs 8cr. ‘1’hus the n e w
r ing  has dfcctivcly incrcascxl  its IIlass  parameter  o by a factor of 8. ‘l’lie Hcw ring has also
il}crcascd  its rcgioll of influenc.c,  especially in the x direction w]lcrc  it has doul)lccl  via the scaling
transforlnation. ‘llus new regions of slllall particles adjaccnlt to tile ring are available to be
cal)tured at the new  stable E3  po in t s .

Note that this process cannot,  bc continued indefinitely. Starting froln a ring witli lnass O.,
at tllc nt]l stage of the cycle the ring ]Ilass  paralnetm will liavc a value a,} = 8’LO0. At soInc po in t
a,l > CJl, will occur. ‘J’hcm tile proposed lrlccllanis~tl  of dcpositio)l,  tile stal)lc orbits wllicll  pass close
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to tl)c stable 1;3 points, will cease to exist aud beco]nc uustable orbits. Also, as al, < UJ;3 < CY,$,
tlIe ri])g  itself will still I)c stal)lc at !Ais poi])t.

‘1’his loccl~anisln  is attractive as it skctchcs  out, how a ring, O]]CC  started, Irlay  grow iu sim by
cal)turiug ncigliboriug part, ic]cs.  Also, as it is a self-lilt litillg }~roccss, tile cud  result is a riug stable
wit])  respect to self-gravitatlioli.

Wit]}  tllc basic mcc}lanisr]l  skctc.llcd  out, ii, also bccoIIIe,s  apparcmt what issues ]nust be
addressed to verify the assumptions and to rcfiue tho proc.css.  A fcw of these itxxns  arc listed I>c1ow:

● l)crivc plausil~]c  lnccllanisllls for part,  ic]cs  to julll})  froll]  tl)c stable periodic orbits encirclil)g

E3 to orbits trappccl near E3. l’ossiblc IIlccllanis)l)s incluclc  collisio]l  effects, viscous effects,
or self at, tractiou of t,hc l)articlcs going through t,hc slow l)ort,ion  of the orl)it, encircling E3
(,,ote tliat tl,c kiuctic energy is ~~liailnizcd  alo],g tl)is portio~,  of tl,c orbit). Any  r,lccl]anis,,,
that dissipatm velocity while tllc })article is cucircliug 1!3 IIlay  bc a cauclidatc  rncc.llanislll.

● Study the stability of a hyl~rid  ring so]utioll dcscril)cd as follows. Consider tllc IIolninal ring
solution of P par!,  iclcs of lnass 11. Cousiclcr the llyl~rid solution defined by illtroclucillg  l)

additional particles, of lnass less than 11, iu the vicinity of the 113 equilihriuln poiut. It cau
l)C sl)own  that, suc]l  a solution exists. ‘1’wo li~ilitiug  results for such a systclll  arc already
ktlowu. If the additional 1’ partic]cs are lnasslcssj theu tile u])l)cr  bouud  011 lt for tllc riug to
I,c stal~le  is ~j(s(l’). If the adclitioua] 1’ partic.lcs have  Itiass 111  t]icn  the  upper  bound  on 11
for the ring t,o be stable is ~ps(]’). A reasonab]c conjecture is that the ul)pcr l}ouTid  for
s tabi l i ty  ill tllc ini,crlllccliatc cases will vary collti]luous]y fro]]) t,llc ol]c lilllit,  to tllc ottlcr.

Noncthe]css  this ~oust  be vcrificcl.

● ‘J’JIc (;IOSC Ring equat,  iol]s  of ~not,iol] call  Lc easily ltlodified to ][)odcl  the llyl~rid ri]lg case
IIlcntioncd above. Whatl  must, bc iuvcstigat,cd is wlicthcr stal)le periodic orbits still exist,
whit.]] call  deposit, partic.]cs onto the slllallcr ~llasscs,  cveutual]y increasing their Illass till they
arc al)proxilnatc]y equal to the original ring particle ltlass.

● Note that, the al)ove  llybricl  ring cases lnay uot ueecl to I)e co]lsidcrcd if the particle accrc!ion
rate at 1;3 is fast enough. If this is so, thcu the tittlr fralnes invo]vcd  luay bc short cnoug]l  so
that, the hybrid case never has opportunity to aflcct !IIC I[lecllanism. ‘1’]lus, some l[leasure of
the tiit]e required for particle accretion is required.

11 Conclusions

A si]lll)lifirwl dyna?nica] ]t)odel  has becl] derived which dcscribm the dynalllics of small particles as
att,ract,cxl  l)y a ri]lg. l~nl)ortant,  results iuclude a rigorous IIlodificatioll  to tllc IIill equa t ions  of
IItotioll  which iuc.]udcs  the dl’ccts of ]Icighboring particles. Also, a sul~st, antivc]y rlcw Ioodc]  for t,hc
IIlotioll of sl]lall part, iclcs  close  to a ring is derived al~d cxalllilled. ‘J’llis tllodcl does not include
non-gravitational forces which may l)lay  an important role iu particle dynainics near a ring. LJsing
this IIew ][)odcl,  a possible lllccllallisln  for riug growth was identified. ‘1’llis IIlechauisln  is of interest
as it is self-lilnit,ing iu Lllat it ceases to opcrat,c wllcll  Lhc ring I)ecollles  heavy enough, yet while t,hc
ring is s{ill gravitationally stal)lc. Future issues to illvcstigat,e are also ideutificd.
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A Application of the Limit in the Close Ring Equations

11) this al,prnldix the lilllit dmcribccl  in Section 4 is appliml to the ring force tcrlns (I}quatiolls  29-
31) ,  yicldillg  the II]odificcl  ring force tcrlns (Ilquatiolls  34- 36).

‘1’llc lilllit,  is al)pliecl  using t,hc followiug result for a fixed itltcgcr k:

(143)

Usiilg  tltis lilllit the following results hold:

si]12 Ok
;I;; —

0 = 0 (144)

;YA  :11) Ok:os  ok
=k (145)

d 4 si112 Ok
[I’kl . —– & (jjcos Ok - isillOk) + ~2 +jjz + ,i2.

~2/3x2~2 —  ~1/.3xo
(147)

‘J’llc problem in applying the limit to the sulnrnation is that there are always values of k
large cnoug,l] (on  the order of J’/2) so that the lilnit 143 is iuvalid. It is seen, however, that the
contribution of t,hcm  terms to tllc summations will vauish under application of the lirt]it. Consider
tile worst case scenario. Let P = 2?’ and k = r. ‘J’l)en for U << 1 the approxi]nate  results are:

1

( )

u~3 ‘rr 3-—. —~=8 j;” (148)

Using  tllc li]llitl approxilt]ation (I;quatioll 143) the approxiltlat,e  value is:

Cons ider  tllc diflcrencc of these t,ervns:

?; [(33-’]

(149)

As tllc paralr)ctcr  r ~ m the difference l>etwm.n  these t,crlils  goes to m-o.
‘J’lle lrlore gcmeral  result is derived as follows. For  all finite values of i, j, i ancl for k large

mlough  and O s]nall enough tile quantities ]rk I take on tile asyltlptot,ic  for~rl:

(150)

Since it, is under these colldit,ions  (k large) that, t,hc li]llit, dots not hold it is of interest to COIII],Ute

tl)c  basic suinination:

(151)

Ilsillg  l)oth the ]ilnit approxilllation  and exact, asylt]l~t,ot,ic results. (Jsi])g  Apl)roxil[]ation  143 t,lle
rcsul( is:

T2
lil]l X’* =  2((3)
6’-0 Sln okr’,

29

(152)



wllerc ((n) is the Rieloaun Zeta  forlnu]a as dcscribml prcvious]y.
N o w  c.ollsiclcr the exact result,. 1<’irst  the su~]l]llation  IIlay  bc rewritten as:

‘Iki,golloltlctric  substitution will SI)OW that:

],- j 1’– 1

x
csc~ ok =

: ‘c Csc? Ok(l + COS2 ok)  + ; ~ Cs(’ ok,
1 1 1

(153)

(154)

‘] ’]lcsc su]tls ltlay bc fouud asymptotically (]kfermcc [] 3], Appendix):

]>– ]

x CSC3 Ok(l + C O S2 ok)  =
4((3)
~ + 0(1/0) (155)

1
P-1

x ()4 Cxp -)’
Csc ok = ; l o g  ~ +- (9(0).

1

‘1’bus:

(156)

T’z

E—, 03
= 2<(3)+ (9(02).

,1 ;;IP ok
(157)

Al)})lyi)lg  t,hc lil]lit O ~ O then yields t,hc previous result, establishing the validity of the lilnit.
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